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Abstract: The trispectrum is at least as important as the bispectrum and its size can 
be characterized by two parameters tjvl and gNL- In this short paper, we focus on the 
Multi-brid inflation, in particular the two-brid inflation model in arXiv. 0805. 0974, and find 
that tnl is always positive and roughly equals to (|/jvl) 2 for the low scale inflation, but 
g^L can be negative or positive and its order of magnitude can be the same as that of tnl 
or even larger. 
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1. Introduction 

The single-field slow-roll inflation predicts a roughly Gaussian distribution of the primor- 
dial power spectrum |l]]. However in the general case with a large number of fields, a 
large deviation from Gaussian distribution is expected. A well-understood ansatz of non- 
Gaussianity has a local shape. Working in the framework of Fourier transformation of £, 
the primordial power spectrum is defined by 

(C(ki)C(k 2 )) = (27rfV ( (k 1 )6 3 (ki + k 2 ), (1.1) 

and the primordial bispectrum and trispectrum are defined by 

(C(k 1 )C(k 2 )C(k 3 )) = (2KfB c {k u k 2 , fc 3 )<f 3 (ki + k 2 + k 3 ), (1.2) 
(C(k 1 )C(k 2 )C(k 3 )C(k 4 )) = (2vr) 3 T c (fc 1 ,A; 2 ,A ; 3,A ; 4)5 3 (ki+k 2 +k3 + k4). (1.3) 

The bispectrum and trispectrum are respectively related to the power spectrum by 

6 

B c (k l ,k 2 ,k 3 ) = -fNLiVcih^cfa) + 2 perms], (1.4) 

T c (kx,k 2 ,h,ki) = TNLlV^k^V^k^V^ki) + 11 perms] 
54 

+ ^9NL[V({k2)Vc{k3)V ( (h) + 3 perms], (1.5) 

where Jnl, t~nl and g^L are the non-Gaussianity parameters which measure the size of 
the non-Gaussianity. 

In the SN formalism ||], the curvature perturbation in the multi-field inflation model 
can be expanded as 

C = 5N = N{4>i + 5<k) ~ N(<p t ) 
= N }i S<f)i + -N^j5<f>i5(f)j + -N )ijk 5(f)i5(f>j5(f)k + ... , (1.6) 
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where 

N -— N d 2 iV _ d 3 N 

d(\)i ,tj d^idcj)^ ' ljk dcjjidcpjdcpk 

and the repeated sub-indices are summed over. Therefore the non-Gaussianity parameters 
are given by, g , 

ZNijNiNj 

fNL ~ 6 (NjiNtf ' (L8) 

TNL = ' (L9) 

57VL " 54 (iV^ ' (L10) 
From the Cauchy-Schwarz inequality, the tjvl has a lower bound, j4|, 

T7VL > dfNL) 2 - (1.11) 
5 

The above inequality is saturated in the single field case, or the vector is an eigenvector 
of the matrix N^j in the case with multi fields. So t^l is expected to be large if f^L 1. 
Since is quite model-dependent, <7tvl can be negative or positive, and its order of 

magnitude can be large or small. 
WMAP 5yr data §] implies 

-9 < !n c l < HI (1-12) 

at 2a level. Even though the Gaussian distribution is still consistent with data, the allowed 
negative part of f l §i^ 1 has been cut from the WMAP 3yr data significantly. For example, 
if tnl > 560, it can also be detected by Planck p. In Q the authors also pointed out that 
the trispectrum of the Planck data is more sensitive to primordial non-Gaussianity than 
the bispectrum for |/jvl| > 50. The trispectrum is at least as important as the bispectrum. 

As we know, a large local-shape f^L can be achieved in the multi-brid inflation. In 
this short paper, we investigate the trispectrum in the special two-brid inflation model in 
Q. One can discuss more complicated setups, such as ||. However, we will see that the 
phenomenology in this simple model is rich enough. In Sec. 2, we calculate the trispectrum 
in this two-brid inflation model and discuss its property in detail. Some discussions are 
given in Sec. 3. 



2. The trispectrum in the Multi-brid inflation model 

In this section, we consider the two-brid inflation in Q with the potential 

V((j)i^2) = Vbexp (ai^i + a 2 02) , (2.1) 

where a\ and 0.2 are two free parameters in the unit of M p = 1. The effective mass for 
each inflaton is mj = ^fjiaiH* where is the Hubble parameter during inflation. Here 
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the inflatons are assumed to slowly roll down their potentials and the slow-roll conditions 
require aj < 1 for i = 1,2. The dynamics of these two inflatons is governed by 

^|^a 4 , (i = 1,2), (2.2) 
where dN = —Hdt. In 0, Vq is prompted to be 

Vo = lt,^h 2 + - A (x 2 -^) 2 . (2.3) 

i=l 

Therefore the inflation ends when fa = faj which is given by 

2 



t=l 



For convenience, we parametrize (fiij as 



h,f = — cos 7, 02,/ = — sin 7. (2-5) 
9i 92 



Without loss of generality, we assume atifa > (for i = 1, 2). 
The number of e-folds before the end of inflation is given by 

1 / p 2<j> 1 /ai 1 p 2(f> 2 /a 2 \ 

N = - In 1 . + — . . (2.6) 

Because the surface where the inflation ends in the field space is not exactly the surface of 
constant energy density, the author in introduced a correction to the number of e-folds 
before the end of inflation as 

N c = -(— COS7 + — sin 7). (2.7) 
4 51 52 

However, this correction term can be neglected if a, <C 1. So we ignore it in our paper. In 
order to simplify the notation, we define some new parameters as 



9 = V 9i cos 2 7 + g\ sin 2 7, (2. 
ai = acos#, Q2 = asin#. (2. 



We expand SN to the third order, 



SN _ 9i cos 7<5^i + g 2 sin 7^2 g 2 ff| (gingg^i - cos6><50 2 ) 2 
a<?c + 2<7(7 3 ac^_ 

gfgf c_ (sin 0(50i — cos 0502) 3 



2aV 



ac 



(2.10) 



where 



c_ = — cos sin 7 — — sin cos 7, (2-11) 
9 9 

c + = — cos cos 7 + — sin 6 sin 7. (2-12) 
5 5 
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Assume that the scalar field fluctuations 5<pi and 5(j)2 are Gaussian and non-correlated, 

(SfrSfa) = <%, (2.13) 

where H* denotes the Hubble parameter at the time of Hubble exit. Hence the amplitude 
of the primordial power spectrum is 

Since the amplitude of the tensor perturbation is still given by 

^ = 8 (§)\ (2.15) 

the tensor-scalar ratio becomes 

r = P T /P ( = 8a 2 c 2 + . (2.16) 

We can also easily calculate the spectral index, namely 

n s = 1 - a 2 . (2.17) 

The spectral index and tensor scalar ratio can be measured by the experiments. Once 
they are fixed, the parameters a and c+ in this two-brid inflation model are fixed as well. 
WMAP 5yr data || implies 

n s = 0.961°;°^. (2.18) 
For n s = 0.96, a = 0.2. On the other hand, we can prove that c+ < 1 which implies 

r<8(l-n s ), (2.19) 

where the equality is satisfied when 

gi sin 9 cos 7 = 52 cos 8 sin 7. (2.20) 

Eq.( [2.19l) can be taken as a consistency relation for this two-brid inflation model. For 
n s = 0.96, r < 0.32 which is consistent with WMAP 5yr data (r < 0.20). 



From Eqs.(L4) and (|1.5| ), the non-Gaussiniaty parameters are given by 

JNL - -7 q > (2.21) 

Qag 6 c + 

Tnl = — n— 6 — 2", (2.22) 
o g c + 

25a 2 gfgl c_c 3 

9NL = Ts^^l' (2 - 23) 



where 



c = — cos 9 sin 7 — — sin 6 cos 7. (2.24) 
9 9 
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We see that the second order non-Gaussianity parameters are related to Jnl by 

36 1 



T NL = T^jjfNL, ( 2 - 25 ) 
2 



Since 



and ci_ < 1, c < 1 and thus 



9NL = ~~ ~~r f%L • (2-26) 
5152 c 



c 2 = 1 - c\ (2.27) 



6 

ttvl > (r/^) 2 - (2-28) 
5 



The inequality is saturated when 

gi cos 9 cos 7 = — g2 s'm9 sin 7. (2.29) 

Keeping /jvx fixed, tatl can be much larger than f^ L if c + — > 1. However, in the limit of 
c+ — > 1, /jvl should approach to 0. Here we want to remind the readers that both a and 
c + can be fixed by the spectral index and the tensor-scalar ratio. Considering 

c + - w^rr (2 ' 30) 

4 < 0.625 for n s = 0.96 and r < 0.20. If r <C 1, c+ ~ and then ttvl ~ ff 
2.1 c/i = 52 

From Eq.(|2.8|), g\ = g2 = g in this case. Now c_, c, and c+ are simplified to be 



Therefore 

Inl 

TNL 



— 9), c + = cos(7 — 9). 


(2.31) 


hag 1 

fi ( c +)> 
6cr c + 


(2.32) 


36 2 
25(l-4) /7VZ " 


(2.33) 


2/atl- 


(2.34) 


is related to /tvl by 2/^ L . 


If r <C 1, c+ ~ and 



then tnl — ff/ivL which is roughly the same order of magnitude as gjvz,) and 

fNL - j^L. (2.35) 

DCTC+ 

Because x = during inflation, the Hubble parameter is related to a by 

r2 ° A 



H; = —. (2.36) 
12A v ; 
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Considering = 1.1 x 10 ra , a is related to r by 



a = 1.95 x l(T 2 A3r3. (2.37) 

If r <C 1, the non-Gaussianity parameter /jvl takes the form 

f NL ~ 121(1 -n s )^(^)i. (2.38) 

On the other hand, a is required to be large compared to the Hubble parameter during 
inflation for the field \ to work as a water-fall field. So we have 

(r/A)i < 177. (2.39) 

Therefore 

/jvl < 2.1 x 10 4 (l-n s )^. (2.40) 

r 

For n s = 0.96, /jvl < 8Wg/r. 

To summarize, if g\ = g2, /jvl is positive and can be very large, and <lvl = 2f^ L . In 
this case, tjvl > If/ivx ano - ec i uan ty is roughly satisfied if r <C 1. 

2.2 (?i / 52 

If <?i = 52, we find that <?jvl = 2/j^ L which must be positive. In this subsection, we focus 
on the case of g\ / g? and invistigate whether <jjvl can be negative, but the absolute value 
is still large. Since there is a symmetry between 4>\ and <fo, we assume 

A = — < 1, (2.41) 

92 

without loss of generality. 

Keeping /jvl fixed, a large absolute value of <lvl might be obtained if c = which 
implies 

7 = 7o = tan" 1 (A tan 0) . (2.42) 

On the other hand, /jvl should be when c = 0. So we consider that 7 slightly deviates 
from 70, namely 

7 = 70 + 6, (2.43) 

with 5 <C 7o- For A <C 1, we have 



9i 

9 ^ — , 

K 


(2.44) 


~ *\ 

c ~ "a 


(2.45) 


sin 29 


(2.46) 


' " _ 2A ' 


c+ ~ 1, 


(2.47) 



where 



k = Vcos 2 9 + A 2 sin 2 9. (2.48) 
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In this limit, c+ ~ 1 and then the tensor-scalar ratio is slightly larger than the WMAP 
bound if n s = 0.96. Here we ignore this constrant first and illustrate an important obser- 
vation. Now we have 

fNL * A^ ' (2 - 49) 

and 

36 A 2 o , , 

™ L ~ 25^^' (2 - 50) 
A sin 20 , 2 

97VL ^ ^—fNL- ( 2 -51) 

Since both A and sin 20 are positive, <?jvx can be negative if 5 > 0. In order to get the 
precise results and go beyond the above approximation, we should adopt the numerical 
calculation. For example, inputting n s = 0.96, r = 0.22, A = 0.1, we have 

tnlMIl - 4-6, (2.52) 

and 

= 0.79, 7 = 0.466 -> f NL = 0.03^, - "10; (2.53) 

a 

9 = 1.38, 7 = 0.1 -> /jv L = 1.12^, 5tvl//^ ^ 4.92. (2.54) 

cr 

So there is still a big room for a large /jvx- We see that a negative ^atl with large absolute 
value can be obtained in the case of g\ 7^ 52 ■ 



3. Conclusions 



The non-Gaussianity is expected to be large in the multi-brid inflation. In the simple 
two-brid inflation model 0, t^l must be positive and roughly equals to (|/atl) 2 due to 
the upper bound on the inflation scale (r < 0.2), but g^L can be negative or positive and 
its order of magnitude can be the same as that of tnl or even larger. In Q the authors 
consider a more complicated case where t^l can be much larger than (^/nl) 2 , but it seems 
unlikely for the case with red-tilted power spectrum and large positive fNL- 

As we know, multi-brid inflation model and curvaton model are the only cases that 
can be analyzed systematically (over a fairly wide range of the model parameters) and 
are capable of yielding fairly large local-shape /^£ a '- In the usual single curvaton model, 
the curvature perturbation is assumed to be generated by curvaton and then we have 
tjvx = (|/atl) 2 - The size of gNL depends on the curvaton potential. If the relevant part 
of curvaton potential takes the exactly quadratic form, we have g^L = —^§Inl ■ If a non- 
quadratic correction becomes visible compared to the quadratic term, g^L in the curvaton 
model can has a large deviation from the relation g^L = — tt fNL and the sign of gNL 
depends on the sign of the non-quadratic term which can be positive or negative as well. 
The order of magnitude of gNL for the curvaton model with non-quadratic correction can 
be roughly the same as f NL which takes the same order of tnl- See |l(J in detail. If the 
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curvaton potential is dominated by the non-quadratic term, ttvl ~ 9nl ~ f%L \ 11 1- On the 
other hand, in the mixed curvaton scenario [[Fl], ^] where the total curvature perturbation 
is still mainly produced by the inflaton, not curvaton, ttvl is enhanced by a large factor 
with respect to (§/tvl) 2 , where measures the size of curvature perturbation caused 
by curvaton compared to the total curvature perturbation including the contribution from 
inflaton. So t^vl can be much larger than (^/nl) 2 in the mixed curvaton scenario. This 
is different from the multi-brid inflation. In the mixed curvaton model, whether g^L is 
enhanced or suppressed depends on how g^ L is related to f^ L , where the superscript 
"cv" denotes the non-Gaussianity generated by curvaton in the usual curvaton model. For 
example, if g^ L ~ ff^ L , 9nl ~ PInl which is expected to be very small and undetectable, 
but if g c ^ L ~ (/aTl) 2 ! 9nl ~ {Inl) 2 '/P which is enhanced and may be detectable. If 
we can not only detect /tvl, but also get some restricted constraints on t^l and g^L in 
the forthcoming experiments, it is possible to distinguish multi-brid inflation model from 
curvaton model. 

Recently there are many papers concerning on the brispectrum and the trispectrum 
|j~3| , |l4| ]. Here we want to stress that the trispectrum might be as important as the bispec- 
trum and we encourage more theorists and experimenters to pay more attentions to the 
trispectrum in the near future. 
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